In his celebrated paper Kontsevich has proved a theorem which manifestly gives a quantum product (deformation quantization formula) and states that changing coordinates leads to gauge equivalent star products. To illuminate his procedure, we make an arbitrary change of coordinates in the Moyal product and obtain the deformation quantization formula up to the third order. In this way, the Poisson bi-vector is shown to depend onh and not to satisfy the Jacobi identity. It is also shown that the values of coefficients in the formula obtained follow from associativity of the star product.
Introduction
whereh is a formal variable and B i (f, g) -bidifferential operators. Associativity for the n th order means: (f ⋆ g) ⋆ h = f ⋆ (g ⋆ h) + O(h n+1 ).
2.Gauge group.
There is a natural gauge group which acts on star products:
where D = 1 + i≥1h i D i and D i 's are arbitrary differential operators
Associativity of the new star product is obvious since
. It follows from above
B 1 (f, g) can be chosen to be a skew-symmetric bi-vector field (see [1] ). Then, we put
The Poisson bi-vector may depend onh:
The second order term O(h 2 ) in the associativity equation f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h implies that α gives a Poisson structure on X, ∀f, g, h {f {g, h}} + {g, {h, f }} + {h, {f, g}} = 0, where {f, g} := 
where ϑ ij is constant and skew-symmetric.
4. Kontsevich formula. 
defines an associative product. (2) Changing coordinates, one obtains a gauge equivalent star product.
In formula (6) expressions B Γ,α (f, g) are constructed with the help of Kontsevich's diagrams Γ ∈ G n , G n being a set of the n th -order diagrams and ω Γ are constant coefficients corresponding to diagrams Γ ∈ G n . The values of these coefficients can be computed by the prescription given in [1] .
Up to the second order, this formula can be written as follows
5. Purpose of the paper. We are going to make a direct check of Kontsevich's statement that changing coordinates one obtains a gauge equivalent star product, up to thē h 3 -order starting from the constant bi-vector (in this case, the star product is Moyal's one). For the symplectic case, this fact was stated in [2] .
We make a change of variables in the Moyal product, which is nothing but Kontsevich's star product with the constant Poisson bi-vector (let us denote it ϑ ij ), and try to represent it with a help of gauge transformations in the form of (6) in new coordinates z a (x i ) using only
The result should be compared with Kontsevich's formula for non-constant (non-Moyal) ϑ ij . In this way, we obtain formula (8). In the third order, we see that bi-vector terms can not be rewritten in new coordinates and thus are interpreted as α we may add to the formula (8) a bi-vector term (for example,
) and thus subtract it from α 2 . However, this kind of terms always correspond to loop diagrams. If one considers the case when there are no loops, this consequently fixes the value of α. In this case, the answer we are going to get is given by the following formula
where
and S abs is determined in (15). The differential operator in the gauge transformation (2) necessary for obtaining (8), (9) is the following
We show that α(h) defined by (9) do not satisfy the Jacobi identity: α as ∂ s α bc + α cs ∂ s α ab + α bs ∂ s αca = 0. Still α 0 does satisfy the Jacobi identity and we will use this fact to compute coefficients in (8) from the requirement of associativity. These coefficients are in agreement with [3] . It is discussed in section 5.
Diagram representation
There is a natural way to represent separate terms in Kontsevich's formula by diagrams.
For the n th -order term one needs n vertices, each vertex containing α, and two more vertices containing functions f and g. Vertices can be connected by arrows. Each vertex is an origin of two ordered arrows. If an arrow ends in some vertex, it describes a partial derivative acting on this vertex.
The following diagrams correspond to formula (8) (here we do not draw the arrows as all of them point to the right): 
Calculations up to the second order terms
Let us consider the terms up to the second order (α = α 0 ) in the Moyal formula (5) and make a change of variables in it. We are going to obtain formula (7) with the help of gauge transformations. The change of variables gives the following expression for the Moyal product
The last term is a symmetric bi-vector and can be canceled by the following gauge transformation
Now we pay attention only to the terms ∂ 2 f ∂g, ∂ 2 g∂f which are
If one puts α ab = ϑ ij ∂z
, where K 0 is constant, this gives
. We are going now to find a gauge transformation that makes (12) equal to expression (13). Consider
Note that S abc is symmetric with respect to a, b, c. Transformation (14-15) adds to (12) the following terms
The equality (12) + (16) = (13) looks like
This means we should substitute in formula (3) the gauge transformations D ′ 2 (11) and D 2 (14-15), where
. Note that one can add to the star product in formula (3) the symmetric bi-vector
(where λ is a constant) which corresponds to loop diagram. It is easy to get corrections to the expression for B 3 (f, g) from formula (1) under gauge transformations D 2 made in the second order:
Thus, it is possible to change higher order terms by changing λ. We will put λ = 0.
Calculations up to the third order terms
Let us write down the terms of the third order from the Moyal product in the new coordinates:
Due to (18) we are to add to the above expression
where D 2 and D ′ 2 are given by (14-15) and (11). Again we are going to represent the sum of the Moyal product and gauge terms in diagrams (in the new coordinates).
An important remark is that there is no necessity to make gauge transformations in the third order, since the corrections to the third order terms B 3 (f, g) coming from the gauge transformation of the second order (20) are enough to represent this expression in the form of Kontsevich's diagrams.
Now consider an example of computation for the terms of the type (∂ 2 f ∂ 2 g). Such terms in the Moyal product (19) are 
The gauge terms are 
